This note is a continuation of our earlier articles arXiv:1612.08897 and arXiv:1709.09030, where using the dependent coordinates the local Lagrange -Poincaré equations were obtained for a mechanical system with symmetry describing the motion of two interacting scalar particles on a special Riemannian manifold (the product of the total space of the principal fiber bundle and vector space), on which a free proper and isometric action of a compact semisimple Lie group is given. Assuming the existence of the parametric representations for local sections in the principal bundle, we make the transition to independent coordinates in the obtained Lagrange-Poincaré equations.
In our previous papers [1] and [2] , we studied a mechanical system with symmetry describing the motion of two interacting scalar particles on a special Riemannian manifold: the product of the total space of the principal fiber bundle P(M, G) and the vector space V . In addition, a free proper and isometric action of a compact semisimple Lie group on this manifold was also given. From the general theory it follows that the configuration space of our system can be considered as the total space of the principal fiber bundle 
These equations were written in terms of dependent coordinates, which are typically used to describe dynamics in gauge theories. In our case, the dependent coordinates were implicitly determined by means of equations representing the local sections of the principal fiber bundle P(M, G). In this note it will be shown how the Lagrange -Poincaré equations (1), (2) and (3) are transformed into equations obtained under the assumption that for a local surface Σ, which is a section in the principal bundle of P(M, G), we know the parametric representation.
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The use of such a surface makes it possible to describe the evolution on the base space M of P(M, G) in terms of internal (invariant) coordinates. These coordinates are determined by means of the invariant coordinate functions x i (Q) given by the equations
Also note, that on the local submanifold Σ, the coordinates x i satisfy the equations χ α (Q * (x)) = 0. In our case, the local section Σ of P(M, G) is used to determine the local sectionΣ in the principal fiber bundle π ′ : P × V → P × G V . And the local surfaceΣ, in turn, is necessary for the introduction of coordinates on the bundle π ′ . That is, now, when we are given a parametric representation of Σ, we can introduce local coordinates (
. The transition to the new coordinates in the equations (1), (2) and (3) is achieved by replacing the dependent coordinates Q * A with the functions Q * A (x) in all terms of these equations.
First we consider the horizontal equation (1) . As a result of the above replacement, the kinetic term
of the this equation becomes Q * A iẍ
iẋj . This is due to the fact that
, where now Q * B (t) ≡ Q * B (x(t)), and also because of the equality N Next, we transform those terms of the horizontal equation (1) that depend on the Christoffel symbols:
(In our notation, the index formed by a capital letter with a tilde, for example, B, means thatB = (B, b), so we have a summation over two indices.) We must express the Christoffel symbols HΓR BM (Q * (x)) through the Christoffel symbols determined for the Riemannian metric on the base space of the principal fiber bundle π ′ : P × V → P × G V . In local coordinates (x i ,f a ), this metric is represented by the following matrix:
j . We recall that, in our notation, the tilde sign inG
HΓ means that the corresponiding quantities are determined using the metric d αβ = γ αβ +γ ′ αβ on the orbits of the bundle π ′ . The Christoffel symbols HΓi jk for the metric (5) are calculated using the following formula:
whereh il andh ia are the components of the matrix which is inverse to the matrix (5):
The components of the inverse matrix are given bỹ
In these formulae by T i A we denote the projection operator defined as
It has the following important properties:
In addition, the operator T (h ik,j +h jk,i −h ij,k ), lead to the following equalities: 
The obtained expressions for Christoffel symbols are used in the formula (6).
It follows that the first term on the right-hand side of Eqs.(6),
can be rewritten as
To get this, we used the following properties:
The second term on the right-hand side of Eqs.(6) is equal to
Therefore, the expression on the right side of Eqs.(6) can be rewritten as
The expression in the first bracket is equal toG
The expression in the second bracket is equal toG H F A . Now the same arguments lead to the multiplier N S A , which stands before Q * A jk . So, we get
Multiplying both part of this equality by Q * D i we come to
It follows that the first term with the Christoffel symbol on the right of Eqs.(4), together with the kinetic term, is transformed into
The second term N 
This can be shown as follows. Calculating
(h ak,j +h jk,a −h aj,k ), we get
Similarly, for Using these expressions in (9), together with the explicit representations of h ik andh ib , we get
It is not difficult to see that N
, so we can do the same transformations as in our previous calculation. As a result, we obtain: .
Next we consider the transformation of F -terms of the horizontal equation (1). These terms are given by
where F α BR is defined as can be rewritten as follows:
A similar representation can also be obtained for the second term in F α BR Q * B k Q * R l . The sum of the first and second terms together with the third term leads to the following equality:
Using this equality, it can be shown that
In the second F -term of the horizontal equation (1), we first need to transform the expression F 
For the third F -term, which is given by
one can obtain the following relation:
And for the last F -term in (1), we get the following:
In the first horizontal equation, the terms with covariant derivatives are given by two expressions:
where
Replacing the dependent coordinates Q * A with the functions Q * A (x) and using the properties of the projectors N 
A similar approach also leads us to the representation of a potential term in the first horizontal equation:
Thus, as a result of all these transformations performed in equation (1), we get the following equation: 
First we will deal with the transformation of the (ẋ iẋj )-term. It is natural to assume that
can be expressed through 
Using (7) and (8) 
, the right-hand side of the above equation is rewritten as
Consider the terms of the previous expression that depend onΓR AB . That is, the following terms:
It can be shown that the expression in brackets is equal toG . F -terms of the second horizontal equation (2) are given by
They can be rewritten as follows: So, we get the following representation of the equation (2) The vertical Lagrange-Poincaré equation is dp β dt + c 
These equations, together with the horizontal equation (10), are the transformed Lagrange -Poincaré equations.
